As an analogy to the Weyl point in k-space, we search for energy levels which close at a single point as a function of a three dimensional parameter space. Such points are topologically protected in the sense that any perturbation which acts on the two level subsystem can be corrected by tuning the control parameters. We find that parameter controlled Weyl points are ubiquitous in semiconductorsuperconductor quantum dots and that they are deeply related to Majorana zero modes. In this paper, we present several semiconductor-superconductor quantum dot devices which host parameter controlled Weyl points. Further, we show how these points can be observed experimentally via conductance measurements.
I. INTRODUCTION
Like Dirac and Majorana fermions, Weyl fermions are a solution to the relativistic Dirac equation. Furthermore, like Dirac and Majorana fermions, Weyl fermions emerge in certain solid state systems as quasiparticle modes. In particular, they emerge in Weyl semimetals [1] [2] [3] [4] [5] [6] which are characterized by a band degeneracy point in 3-dimensional k-space. This point, known as the Weyl point, is topologically protected from environmental perturbations. Any perturbation, which acts only on the two degenerate bands can, at most, move the Weyl point to a different location in k-space.
Recently, it has been shown that systems of multiterminal Josephson junctions can host Weyl points with the analogy that k-space is replaced by the space of phase differences between the terminals. 7, 8 Just like the traditional Weyl points, these points are immune to perturbations which, instead of removing the point, simply move it around the space of phase differences. As charge is the conjugate variable to flux, it is natural to wonder if Weyl points can also be found by replacing k-space with charge space.
In this work, we take the analogy even further by looking for Weyl points in any three dimensional space of control parameters. In other words, we will look for Weyl Hamiltonians H = k · σ with k replaced by a three dimensional set of control parameters. In particular, we will show how to search for these points in systems of three and four quantum dots like the one depicted in Fig. 1 . The control parameters of the system can be anything that influences the Hamiltonian, however, we will attempt to use the dot potentials ( 1 , 2 , ...) when possible. The idea being that the potentials arise from charging back gates and that charge is the conjugate variable to flux. Besides being of fundamental interest, these parameter controlled Weyl points are a signature that the chosen parameter space fully controls the Hamiltonian of a two level system. If a Weyl point is found in any 3-dimensional space of control parameters then it is guaranteed that those parameters provide access to the entire Hilbert space for those two levels. Because the Hilbert space is fully controllable, any unwanted perturbation to
1 3 a) b) Figure 1 . Schematic of a three quantum dot system. a) three dots (blue) are proximity coupled to a parent superconductor with strength ∆, the potential on each dot (labeled i) is controlled by a back gate, the dots couple to their neighbor with a hopping strength t and spin orbit coupling α, and the leftmost dot couples to a lead with strength τ . There is a magnetic field gradient in the system. The magnetic field on the end dots points in the opposite direction and must have both anx andŷ component. b) orientation of the ground state in the two level system which forms the Weyl point. The Weyl point is controlled by the parameter space ( 1, 3, By) .
the system can be corrected. To find these parameter controlled Weyl points, we employ unconventional superconductivity. Generic level crossings in quantum dot systems occur on a sheet, in a three dimensional parameter space (e.g. potentials), instead of at a single point. However, there are special points in certain unconventional superconductor devices in which the level crossing is Weyl-like. In particular, we will look for these Weyl points near the vicinity of separated Majorana zero modes (MZMs) in systems of quantum dots. Kitaev predicted that MZMs will emerge from spinless p-wave superconducting chains. 9 It has been shown that the Kitaev chain can be simulated by semiconductor nanowires with spin orbit coupling which are proximity coupled to a normal s-wave superconductor and which are subject to a magnetic field which is in-line with the semiconductor. [10] [11] [12] [13] [14] [15] [16] [17] Signatures of the MZMs in these devices have been observed experimentally.
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Another way to simulate the Kitaev chain is with chains of semiconductor-superconductor quantum dots. [21] [22] [23] [24] [25] For an infinite chain of quantum dots, the MZMs are sepa-rated in a continuous range of control parameters. However, for a chain of a finite number of dots, as in Fig. 1 , the MZMs only separate at discrete points. Our model is very similar to this finite Kitaev chain. As we argue in appendix B, we expect to find Weyl points in the vicinity of those points where MZMs maximally separate. There are a number of multi-dot systems in which Weyl points emerge, however, we suggest that the system in Fig. 1 is the most experimentally accessible.
The remainder of the paper is organized as follows. In Sec. II we present two spinless models which host Weyl points, Sec. II A a 3-dot chain and Sec. II B a 4-dot tri-junction. These models are solved analytically. In Sec. III we add the spin degree of freedom to the 3-dot device and discuss the similarities and differences from the spinless version. In Sec III A we present the model for the device, in Sec. III B we show how the Weyl point emerges and discuss which control parameters are relevant, and in Sec. III C we propose an experimental method for observing the Weyl point. In Sec. IV we conclude.
II. SPINLESS MODELS
We begin our search with spinless, Kitaev-like models 9 of superconducting quantum dots. Although, spinless models are unphysical they can be approximate solution of spinfull models under magnetic fields and are, therefore, a useful starting point. In sec. III we will study a spinful model and show how it corresponds to the spinless version.
In appendix B we observe that the Weyl points often accompany MZMs. Therefore, we will narrow our search to the parameter regimes where the MZMs become maximally separated. The concept of maximal separation is discussed in appendix C.
A. 3-dot chain
The first configuration is a chain of three dots for which we will try to use the chemical potential of each dot as the 3-dimensional control parameter. However, we will show that the parameter space of potentials is not enough to find Weyl points in this device. The Hamiltonian for this system is the following,
where i is the potential on dot i, t is the coupling between dots and ∆ is the p-wave superconducting strength. States with an odd number of electrons (odd parity) and an even number of electrons (even parity) are uncoupled so we can consider the two parity sectors separately. Here we will discuss even parity. We allow the superconducting coupling to have a different phase φ i depending on which dots are coupled. Consider, for example, when the two segments have opposite phase (φ 1 = −φ 2 = −1) and the system is at the Kitaev point t = ∆. For such a system, the even parity eigenstates at 1 = 2 = 3 = 0 are:
where the first two states are degenerate H |ψ 1,2 = − √ 2 |ψ 1,2 and the second two states are degenerate
. For large ∆, we can ignore the high energy states by projecting onto the low energy subspace. Turning the potentials back on we find,
Representing this low energy projection in terms of the Pauli matrices, we have:
We see that two of the Pauli matrices can be controlled by 1 and 3 , however, 2 does not lift the degeneracy and there is no way to control σ y using the potentials.
On the other hand, we can pick up σ y by controlling the phase of the superconductor. Consider the perturbation Hamiltonian;
For some δ ∆. Projecting this onto the low energy subspace we get, Figure 2 . A four dot device that hosts Weyl points which can be fully controlled by the potentials of the outer dots. Each outer dot is coupled to the inner dot by a hopping term of strength t and a p-wave superconducting term with a particular phase and a magnitude of ∆.
In terms of the Pauli matrices, the entire Hamiltonian becomes
Therefore, we can control the full Weyl Hamiltonian by including phase control on the superconductors.
B. 4-dot tri-junction
Given the results of the last section, it is alluring to ask if the Weyl Hamiltonian can be controlled entirely by potentials if a fourth dot is added to the system. We will show that the answer is yes if the dot is added in a specific way.
Consider the system of four dots depicted in Fig 2. The Hamiltonian for the system is
where we choose φ 2 = 2π/3, φ 3 = 4π/3, and φ 4 = 0. The eigenstates at t = ∆ and 1 = 2 = 3 = 4 = 0 break up into 4 sets of 4-fold degenerate states. Each set has 2 even parity states and 2 odd parity states. Once again, the lowest energy states are separated from the next set of states by ∆. Therefore, we can project small perturbations onto the low energy states without worrying about the other states. The two lowest energy, even parity states are:
where χ = exp(iπ/6). Using this basis, we can write the low energy projection of the Hamiltonian in terms of the Pauli matrices. Keeping 1 = 0 but turning on the other three potentials, we have:
where we have dropped the terms which multiply the identity matrix. We see that each of the three Pauli matrices can be controlled by the potentials under the three outer dots. Since the Hilbert space of two level systems is exhausted by the Pauli matrices, any small perturbation to the system can be corrected by tuning these three potentials. In other words, the Weyl point cannot be removed form the three dimensional space of potentials by perturbing the system with energies less than ∆. However, if any two superconducting phases are the same then we lose control over one of the Pauli matrices.
III. SPINFUL 3-DOT CHAIN
Kitaev-like spinless models can be obtained as the low energy limit of a spinfull model in the presence of spin orbit coupling and a magnetic field. In the last section, we saw that in order to control all three Pauli matrices in the spinless 3-dot chain we needed to control the superconducting phase. However, we will see that instead of controlling the phase difference of superconductors, we can instead control the orientation of either the spin orbit coupling or the magnetic field. We suggest that the spinful 3-dot device (see Fig. 1 ) is the most easily accessible system for experimental study and that the magnetic field orientation is the most easily accessible control parameter.
A. Spinful 3-dot chain model
We study a three dot Hamiltonian with on site potential, nearest neighbor hopping, spin orbit coupling, proximity induced Andreev reflection, a magnetic field, and interactions (see Fig. 1 ). This is the most general model which hosts MZMs. The interactions are not necessary to observe a Weyl point but we include it to demonstrate the stability of the Weyl point.
Here the onsite potential Hamiltonian is,
where i is the onsite potential and i ∈ {1, 2, 3} runs over the three dots and σ ∈ {↑, ↓}. The Andreev Hamiltonian is,
where ∆ i is the induced Andreev reflection amplitude on dot i. The hopping Hamiltonian is,
where t i is the nearest neighbor hopping strength between dot i and dot i + 1. The spin-orbit coupling term is broken up into its two component directions:
with
where α i is the overall strength of the spin orbit coupling between dot i and i + 1, and ξ i is the angle that a line between the two dots makes with the x-axis. The magnetic field Hamiltonian is also broken up into its component directions,
where B i is the magnitude of the magnetic field on dot i, θ i is the polar angle and φ i is the azimuthal angle of the field on dot i. The interaction term is,
where U i is the interaction strength on dot i.
In what follows, we will assume that all three dots are isomorphic except where otherwise specified and we will refer to isomorphic parameters by dropping the site index (e.g. we will refer to ∆ when ∆ 1 = ∆ 2 = ∆ 3 ).
B. Energy levels for the spinfull 3-dot chain
In order to obtain Weyl points, we want to mimic the spinless modal already discussed (Eq. 1). There we had that the two p-wave pairing terms had opposite sign. We can mimic this behaviour, without applying a phase difference directly to the superconductors, by instead controlling the magnetic field orientation under each dot. We take this approach as we expect it to be experimentally less challenging than controlling the phase differences. In appendix A we show that controlling the superconducting phase and the spin-orbit angle are both viable alternatives to the magnetic field orientation.
Let us take θ = 0 and φ 1 = π while φ 2 = φ 3 = 0. As we have mentioned, we want to use a magnetic field gradient as the third control parameter. We have already used a magnetic field gradient in thex-direction to drive the topological phase transition. Therefore we use a gradient in theŷ-direction as the thrid control parameter. Keeping θ = 0, let us take φ 1 = Φ + π, φ 2 = 0, and φ 3 = −Φ and let us define B x = B cos(Φ) and B y = B sin(Φ). Keeping B x constant, we can control the third axis of the Weyl point with B y . the standard Weyl point is a source of Berry curvature in k-space, the parameter controlled Weyl point is a source of the analogous curvature in parameter space. Since we have control over all three Pauli matrices, there are no small perturbations (compared to ∆) which removes the Weyl point from the 3-dimensional parameter space. In each panel, the yellow curve is the unperturbed energy difference between the first and second even parity state and the blue curve is the perturbed energy difference. In fact, we see that even perturbations on the order of ∆ do not remove the Weyl point. In Fig. 5a , for example, the interaction strength is tuned to U = ∆. In Fig. 5b we perturb the relative hopping strength between dots. This type of perturbation, which breaks the isomorphism between dots, takes the Weyl point off of the diagonal 1 = 3 . This behaviour can also be seen in Fig 5c and Fig. 5d where we break the magnetic and superconducting isomorphisms respectively.
C. Measuring the Weyl point
The Weyl point in the three dot chain can be observed experimentally by tunnel coupling a metallic lead to one of the dots in the system. In this setup, electrons tunnel into the dots from the lead and then Andreev reflect off of the superconductor contacts. We calculate the current and differential conductance using the well established master equation formalism. where P i is the probability of the system being in state i. We use the steady state approximationṖ i = 0 and connect the lead to the first dot. The rates Γ i→j are given by,
where |i is the eigenvector with eigenvalue E i , f (ω) is the Fermi distribution, and τ is the coupling between the lead and the first dot. Once we know all of the probabilities P i , we can calculate the current using,
and the differential conductance is simply dI/dV which we calculate numerically.
Results of the transport calculation are shown in Fig. 6 . The goal in experiment will be to check that the energy gap, between the first and second even parity states, opens along all paths through the center of the three dimensional parameter space. The data in Fig 6 is taken along the path depicted on the top row. It happens that the ground state of this system is an odd parity state which is separated in energy from the first even parity state at the Weyl point. Therefore, we see two finite bias conductance curves (bottom row) which cross at the Weyl point and reopen regardless of the parameter path that is chosen. Note that the MZMs maximally separate when the odd parity ground state and one of the even parity states are degenerate. This can be seen in Fig 6 at around δ ≈ −0.1 in all three panels. As expected (see appendix B), the Weyl point appears in the vicinity of maximally separated MZMs. We define precisely what we mean by maximally separated MZMs in appendix C.
IV. CONCLUSION
We have shown that Weyl points arise naturally in multi-quantum dot systems with superconducting leads tuned to the vicinity of maximally separated MZMs. We propose a measurement scheme wherein current is tunneled into the first dot in a three dot chain. The Weyl point is visualized as the crossing of dI/dV peaks at a single point in the 3-dimensional parameter space. Generically, we expect dI/dV peaks to cross along 2-dimensional sheets in a 3-dimensional parameter space. If instead the peaks close at only a single point, then the parameter space can be used to control each Pauli matrix individually and, therefore, any perturbation to the system can be corrected by the control parameters.
We thank Sergey Frolov for helpful discussions. This work is supported by NSF PIRE-1743717. Figure 9 . Probability distribution of the two Majorana decompositions. The top row shows the probability distribution Px,iσ (yellow) and Py,iσ (blue) for a system with a magnetic field gradient as in the main text. Here the Majoranas cannot separate to different dots yet they still separate into different spin states at = 1 = 2 = 3 = 0.85. For comparison, in the bottom row we show an identical system with the exception that the magnetic field is uniform. Here the two Majorana decompositions separate into the opposite end dots. is given in units of 2∆.
is simply a number (either ±1). Thus, we can replace pairs of operators with the opposite pair (e.g.
Then the Hamiltonian can be rewritten as
which is simply the Hamiltonian in Eq. B2 and is therefore a representation of the Weyl Hamiltonian.
As we have just shown, quaternion algebra, and hence the Weyl Hamiltonian, is quite often useful in describing Hamiltonians that involve well separated MZMs that can be coupled and uncoupled via some external controls. Using this wisdom, we search for Weyl points in the vicinity of maximally separated MZMs.
Appendix C: Maximally Separated Majorana Zero Modes
In the main text and in appendix B, we argue that Weyl points emerge near maximally separated MZMs. As we study chains of only a few quantum dots, the MZMs do not separate over a continuous range of parameters but only at discrete points. One such point can be seen in Fig. 6 of the main text where we claimed that the MZMs are maximally separated. In this section of the appendix we will clarify what we mean by maximal separation. Let us define a pair of Majorana operators for spin σ of dot i as (γ x,iσ , γ y,iσ ) such that c iσ = 1/2(γ x,iσ + iγ y,iσ ) destroys an electron on dot i with spin σ. Furthermore, let |ψ 0 be the ground state of our system and |ψ 1 be the first excited state. Then we can decompose the excited state into the two types of Majorana operators. We define the two probability distributions,
By maximal separation, we mean that we are at the point in parameter space where these two distributions overlap the least.
In Fig. 9 we show the probability distributions for two different systems as a function of the potential 1 = 2 = 3 = on the dots. The top row shows the probability distributions for the spinful 3-dot system of the main text. Because there is a magnetic field gradient, the MZMs cannot separate to different different dots, however, at = 1.7∆ the MZMs maximally separate by occupying different spin sectors. The bottom row shows an identical system with the exception that the magnetic field is uniform. We see that = 1.7∆ is indeed the point of maximal separation. As the MZMs have more room to move in this case, they separate to either side of the chain.
